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Nomenclature

D = diameter, m
E = specific total energy, J=kg
e = specific internal energy, J=kg
F = flux vector
Fnv = nonviscous force, Pa=m
Fvk = viscous friction, wall friction forces, Pa=m
f = friction factor
g = acceleration of gravity, 9:81 m=s
H = specific total enthalpy, J=kg
h = specific enthalpy, J=kg
ku = numerical flux parameter
L = latent heat (hsatg � hsatf ), J=kg
Lh = tube length, m
M = Mach number
P = advective upstream system models Mach number

function
p = pressure, Pa
pu = numerical flux parameter

qi = heat exchanged with the interface, W=m2

qw = heat exchanged through the wall, W=m2

uk = velocity, m=s
x = vapor quality
z = axial coordinate
� = void fraction
� = net mass transfer flux through the interface, kg=m3 s
� = density, kg=m3

� = numerical flux parameter
� = vector introduced in the flux function definition

Subscripts

f = saturated liquid
g = saturated vapor
h = hydraulic
i = interface
k = any phase
L = left
l = liquid phase
m = mixture
R = right
r = relative
v = vapor phase
w = wall
1=2 = interface between phases

Superscripts

c = convective
nv = nonviscous
p = pressure
sat = saturation
v = viscous

I. Introduction

T HE study of two-phase flow mixtures is a difficult task to carry
out, because there are many problems associated with the

nonhyperbolic character of the system of equations: stiffness of
source terms; discontinuities of the thermodynamic properties near
the saturation lines (vapor or liquid); characterization of
discontinuities such as shocks, rarefaction waves, or contact
discontinuities; and so on. Problems also appear when one of the
phases appears or disappears. In some of these cases, “tricks” are
needed to go from a region inwhich there is only one phase to another
in which there are two. In this Note, a combination of two two-phase
models is developed to overcome this difficulty: namely, the one-
pressure, six-equation model and the homogeneous equilibrium
model. Furthermore, the AUSM�-up scheme developed by Liou in
[1] or [2] is extended to the analysis of transient two-phase flow. This
study is restricted to mixtures of water and steam in which the
disperse phase is supposed to be homogeneously distributed in the
numerical cells studied.

II. System of Equations

The unsteady, one-dimensional, one-pressure, two-phase flow
model is characterized by a set of balance equations for mass,
momentum, and total energy. In the case of the separated
model,

@

@t
���v� �

@

@x
���vuv� � �v (1a)

@

@t
��1 � ���l� �

@

@x
��1 � ���lul� � �l (1b)

Received 29 August 2006; revision received 10 June 2007; accepted for
publication 11 June 2007. Copyright © 2007 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0001-1452/07 $10.00 in
correspondence with the CCC.

∗Assistant Professor, Departamento Ingeniería Térmica y de Fluidos,
Dr. Fleming, s/n.

†Researcher, Department of Modelling Structures and Systems (DM2S),
Service of Fluids, Modelling and Studies (SFME), Laboratoire d’Etudes des
Transferts et de Mécanique des Fluides.

AIAA JOURNAL
Vol. 45, No. 10, October 2007

2579

http://dx.doi.org/10.2514/1.25644


@

@t
���vuv� �

@

@x
���vu2v � �p�

� pi @�
@x
� ��vg� Fnvv � Fvv � �vui (1c)

@

@t
��1 � ���lul� �

@

@x
��1 � ���lu2l � �1 � ��p�

� �pi @�
@x
� �1 � ���lg� Fnv

l � Fvl � �lui (1d)

@

@t
���vEv� �

@

@x
���vHvuv�

� �pi @�
@t
� ��vuvg� qiv � qwv � �vHi (1e)

@

@t
��1 � ���lEl� �

@

@x
��1 � ���lHlul�

� pi @�
@t
� �1 � ���lulg� qil � qwl � �lHi (1f)

where pi stands for the pressure difference between each phase and
the interface [3], and

pi � p � pi � Cp
��1 � ���̂v�̂l
��̂v � �1 � ���̂l

�uv � ul�2 (2)

where pi is the interfacial pressure,

�̂ v��v�Cvm�; �̂l��l�Cvm�; ����v��1����l (3)

Cp and Cvm are, respectively, an interfacial pressure correction and
virtual mass parameters, and � is the mixture density. Densities are
estimated by using tabulated equations of state of the form �v �
�v�p; hv� or �l � �l�p; hl�, where the vapor and liquid qualities are
obtained by means of

x� xv �
1

1� ��1 � ��=����l=�v��ul=uv�
; xl � 1 � x (4)

and the speeds of sound are obtained by
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When a two-phase homogeneous equilibrium model is adopted,
the set of equations of the mixture is given by [4]
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where E, H, and u are mixture variables.
The velocity is given by

u� ��vuv � �1 � ���lul
��v � �1 � ���l

(6)

The heat exchanged through the wall is qw � qwl � qwv . The speed
of sound of the mixture is obtained by
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Other closure relationships need to be defined in systems (1) and
(5). They will be described later, according to the test.

III. Combination of the Homogeneous
and Separated Models

Problems involving the appearance and disappearance of a phase
are solved in many cases by code models that change from the
separated model to the homogeneous model when a void-fraction
threshold is reached [5]. In other cases, some dissipation is added to
help the fluids disappear [6]. Previous works have shown some
oscillations at the beginning or at the end of a phase change process.
They are due to awrong prediction of the pressureflux at the interface
when some of the cases included in Fig. 1 take place in the analysis of
a numerical benchmark. They are partiallymotivated by amisleading
evaluation of the pressure term in the numerical flux. In this
extension of the advective upstream system models (AUSM)
numerical schemes to two-phase flow (AUSM�-up), the problems
appear as a consequence of the pressure flux definition. In the system
of equations of phase k, the scheme may consider no pressure action
on a cell without phase k, even though the nearest cell contains a
certain amount of this phase.

Thus, the combination of the already presented two-phase models
was thought to solve this problem. Because the homogeneous
equilibrium model can only be used at low unsteady flows in which
the velocity of vapor usually is not much higher than the velocity of
the liquid [7], it will only be applied at the beginning or at the end of
the processes of phase change when any of the cell combinations of
Fig. 2 take place.

IV. Numerical Scheme

The AUSM�-up scheme was extended to two-phase flow. It is
characterized by its robustness when dealing with lowMach number
flows, unlike previous explicit extensions of the AUSM� scheme to
two-phase flow [4,8]. The basic idea of these schemes resides in the
splitting of the flux vector into a convective part and a pressure part,
such that for the phase k,

Fk � F�c�k � F
�p�
k (8)

where F�c�k � _mk�k, with _mk � �kMkck,Mk � uk=ck,

1 phase2 phases 1 phase

 2/1 2/1

2 phases

Fig. 1 Situation in which pressure flux is being underestimated.
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Fig. 2 Different possible combinations found in the 1-D analysis of
unsteady two-phase flow.
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Dropping k for the sake of clarity, the numerical flux at the interface
between two cells can be written as follows:

F1=2 � F�c�1=2 � F
�p�
1=2 (9)

whereF�c�1=2 if the numerical convectiveflux, andF�p�1=2 is the numerical

pressure flux through the interface 1=2. Therefore, for phase k, the
numerical convective flux at each interface 1=2 is given by

Fc1=2 � _m1=2�uL; uR� 1=2�uL; uR� (10)

where

 1=2 �
�
�L; if _m1=2 � 0

�R; otherwise
(11)

and pressure flux is given by F�p�1=2 � �0; p1=2�uL; uR�; 0�t.
These definitions are completed by defining the interface variables

_m1=2 and p1=2 for each phase. They are based on polynomial
functions of the left- and right-state Mach numbers. In the case of the
AUSM�-up scheme and for the phase k,

_m k1=2 � ck1=2Mk1=2

�
�kL�kL; if Mk1=2 > 0;
�kR�kR; otherwise

(12)
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	 �fack1=2��ukR � ukL� (13)

whereMk1=2, fa, and the polynomials P��5� and P
�
�5� can be found in

Liou’s works [1,2].
In the homogeneous model case, �kL;R drops from all of the

equations:
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�
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(14)

p1=2 � P��5��ML�pL � P��5��MR�pR � kuP��5��ML�P��5��MR�

	 ��L � �R��fac1=2��uR � uL� (15)

V. Numerical Results

Two numerical benchmarks introduced in [9] were considered: a
fast-depressurization test and a boiling-flow problem. In all of these
tests, the values of the interfacial-pressure-correction parameters are
Cp � 2 and Cvm � 0, and 1-D meshes of 100 cells are used in the
calculations.

A. Fast Depressurization: Super Canon

This test consists of a fast-depressurization process that takes place
in a horizontal tube filled with liquid water at high pressure. At time
t� 0, one end of the tube is opened and a pressure drop from 150 to
1 bar takes place in about 0.5 s. During this process, the liquid flashes
and a pressure wave propagates from the break opening to the far end
of the tube in the two-phase mixture.

The tube is 4.389m in length and 100mm in diameter (Fig. 3). The
initial conditions are characterized by a pressure of p� 150 bar, a
void fraction of �� 0, a liquid velocity of ul � 0, and a liquid
temperature of Tl � 300
C. At the open end, boundary conditions
are defined by a discharge pressure at 1 bar.

The physical processes were characterized as follows:
Interfacial heat transfer:

ql �
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�
��1 � ���l�hsatl � hl�;

qv �
C�
�
��1 � ���v�hsatv � hv�; �v ��
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;

�l ���v

(16)

whereC� � 1, � � 3 	 10�3 s ui � �uv � �1 � ��ul, hvi � hsatv , and
hli � hsatl (expressions proposed in [10]).

Nonviscous friction:

F nv
v � 1

8
CDa

intjurj � ur; Fnv
l ��Fnv

v (17)

where CD � 0:44, rsm � 0:5, and aint � �3��1 � ���=rsm.
Viscous friction:
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(18)

where f� 0:017.
The vapor-velocity and void-fraction distributions along the tube

were calculated at the beginning of the flashing process with the
AUSM�-up and AUSM� schemes. Figures 4 and 5 compare the
values of these variables at times t� 0:005 and 0.01 s. The
oscillations that appeared with the AUSM� scheme disappear with
the AUSM�-up scheme, which includes the algorithm already
presented (if any of the situations in Fig. 2 take place, the
homogeneous model is used; otherwise, the six-equation model is
used).

B. Boiling Flow in a Uniformly Heated Vertical Channel

This test consists of a vertical channel with an upward flowing
water stream that is heated uniformly by means of an external heat
source. The geometry used is a channel with a length Lh � 3:65 m
and a diameter Dh � 0:0142 m. Initial conditions were imposed by
saturated liquid state at the inlet so that boiling starts at the inlet. In
addition, �� 0, p� 69 bar, and hl � hf (69 bar).

Boundary conditions at the inlet are characterized by the previous
liquid enthalpy;ul � 0:7802 m=s and�� 0. The outlet is defined by
a discharge pressure of 69 bar.

The closure laws are the following:
1) Drag force is given by Eqs. (17).
2) Wall friction was modeled as

F v
v ��

f

Dh

��ljulj � ul
2

; Fvl ��
f

Dh

�1 � ���ljulj � ul
2

(19)
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Fig. 3 Test geometry.
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3) Wall heat transfer was added by means of

qi � NPCH

L
Lhvfg

(20)

where NPCH � 10 and initial velocity u0 � 0:7802 m=s.

4) Interfacial mass transfer is

��
�
0 if Tl < Tf;
qi

L
otherwise

(21)

The profiles of vapor and liquid velocities and pressure are
depicted at steady state in Fig. 6. These results have been calculated
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Fig. 4 Fast-depressurization test; AUSM�-up vs AUSM� during the onset of the flashing process.

0 0.5 1 1.5 2 2.5 3 3.5 4
Length, m

0

0.2

0.4

0.6

0.8

V
oi

d 
Fr

ac
tio

n

0.005 s, AUSM-up

0.005 s, AUSM+

0 0.5 1 1.5 2 2.5 3 3.5 4
Length, m

0

0.2

0.4

0.6

0.8

V
oi

d 
Fr

ac
tio

n

0.01 s, AUSM-up

0.01 s, AUSM+

Fig. 5 Fast-depressurization test; AUSM�-up vs AUSM� during the onset of the flashing process.
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Fig. 6 Boiling-channel test; steady-state solution for several variables, vapor and liquid velocities (left) and pressure (right).
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by using theAUSM�-up scheme. Both velocities are equally a clear
example of homogeneous flux, because the slip ratio uv=ul � 1.

At the inlet, oscillations in pressure and velocity reported in [8]
were eliminatedwith the new algorithm: it wasmostly atfirst instants
that vapor began to appear. At the outlet, some oscillations still
remained in the pressure profile. Figure 7 shows the results obtained
for the pressure at different positions, withAUSM� andAUSM�-up
including the new algorithm. In the second case, the initial
oscillations were practically suppressed.

VI. Conclusions

In this work, a new algorithm to characterize transient two-phase
flow with phase change was implemented successfully. Despite the
fact that the method is not very orthodox, it avoids certain spurious
oscillations in the computation of the characteristic variables of the
flow when a phase appears or disappears. The results obtained with
this algorithm improve upon those obtained with other upwind
numerical schemes extended to two-phase flow by the authors.

Furthermore, the ability of the AUSM�-up scheme to compute
fast-depressurization processes accompanied by a flashing of the
liquid phase was proven. Although the interfacial mass transfer term
is quite simple, this phenomenon and the pressure-wave propagation
into the two-phase mixture were modeled properly. The strong
coupling between pressure and void fraction has also been suitably
characterized. The numerical solutions do not match well with the
experimental data, but this is attributed to the unadjusted physical
models used in these simulations. In the solution of problems with
stiff source terms, viscous friction, nonviscous friction and heat
transfer terms, such as those already considered, the performance of
the scheme is fairly satisfactory. The scheme is also able to predict
the pressure drop at steady state, the volume fraction at the exit, and
the onset of boiling. As in other contributions, some spurious
oscillations appear in the pressure field at the outlet and at the point at
which the onset of boiling takes place. They can be reduced by
refining themesh at such critical points. The schemeworks quitewell
at any speed.
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Fig. 7 Boiling-channel test; pressure computed at different points of the duct with two different schemes, AUSM� (right) and AUSM�-up with the

algorithm already presented (left).
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